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To present a representation theorem and a discrete duality for
Distributive Hilbert algebras.
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Conclusion

A Hilbert algebra is an algebra (A, —, 1) where A is a
nonempty set, — is a binary operation on A, 1 is an element
of A such that the following conditions are satisfied for every
a,b,c € A:

Hl) a— (b—a) =1

H2) (a— (b—¢) = ((a—=b) — (a—c) =1

H3) fa—b=1and b— a=1, then a =b.

Diego, A. (1961). Sobre algebras de Hilbert (Doctoral dissertation,
Universidad de Buenos Aires. Facultad de Ciencias Exactas y Naturales).
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Different Hilbert implications determine the same poset

A =1

(A=< D) (A, =,1)
—<la b 1 0 =la b 1 0
0O (1 1 1 1 01 1 1 1
b la 11 0 ble 1 1 a
1 a b1 0 1{a b 1 0
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Conclusion

A bounded distributive Hilbert algebra, or DLH-algebra, is an
algebra (A, Vv, A, —,0,1) of type (2,2,2,0,0) such that

1. reduct (A,V,A,0,1) is a bounded distributive lattice

2. reduct (A, —, 1) is a Hilbert algebra

3. Hilbert implication "—" satisfy a - b=1iff a Ab = a.

Class of DLH-algebras is denoted by DLHil
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Let (A4,V,A,0,1) be a bounded distributive lattice and
Fi(A) ={F C A: Fis a lattice filter of A}

(Fi(A),Nn, Y, = {1}, A) € Hey
F=G={a€AtanF CG}, F,GeFiA
B sublattice of A. Then
(Fi(B),Nn,Y,—p,{1}, B) € DLHil,

F s H = (Fg(F) = Fg(H))NB F,H € Fi(B)
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Definition (Implicative filter)

Let A be a Hilbert algebra. An implicative filter of A
F € IFi(A), is a subset F' of A such that

1. 1 e F,
2. Ifa,a—be F, thenbe F.

N

Definition (Irreducible filter)

Let A be a Hilbert algebra. Let F' be an implicative filter.
Then we say that F' is irreducible if and only if

for any Fi, Fy € IFi(A) such that ' = F; N F3, then
F = F1 or F' = FQ.

Discrete duality for DLH algebras



Preliminaries

Goal: Representation for DLH-algebras.

Discrete duality for DLH algebras



Preliminaries

entation in each reduct

(A,V,A,—,0,1) € DLHil

(A,—,1) (A,V,A,0,1)
(X, <) (X, <)
(A,—,1) = (Up(X),=,X) | (4,V,A,0,1) — (Up(Xyp),U,Nn, D, X)
[

)}T(A) Xo = Pr(4)
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(4,V,A,—,0,1) € DLHil

(A,—,1) (A,V,A,0,1)
Bla) ={PeIr(A):ac P} | ¢la)={P € Pr(A) :a € P}

Bla — b) = B(a) = B(b) p(aAb) = p(a)

Blanbd) # B(a) NB(b) pla = b) # pla) = ¢ (b)
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Pr(A) ={P € Fi(A): Pisprime} Ir(A) ={P € Fi(A): P isireducible }
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(A, A, V,—,0,1) € DLHil
1 Pr(A) = Ir(A)
T ¢(a) = B(a)
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entation will be based on:

(A N, —,0,1)

Celani, S. A., & Esteban, M. (2017). Spectral-like duality for distributive Hilbert algebras with infimum.

Algebra universalis, 78(2), 193-213.
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Definition (Hilbert frame)

A Hilbert frame is a structure F = (Y, <, X) (or F = (Y, X))
such that (Y, <) is a poset, X C Y, and for every y € Y there
exists z € X such that x < y, ie, 1 X =Y.
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Definition (Hilbert frame)

A Hilbert frame is a structure F = (Y, <, X) (or F = (Y, X))
such that (Y, <) is a poset, X C Y, and for every y € Y there
exists z € X such that x < y, ie, 1 X =Y.

V.

Proposition
Let A € DLHil. Then

F(A) = (Ir(4), S, Pr(4))

is a Hilbert frame, called the canonical Hilbert frame
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(Y, <) poset

UVeUpY) thenU=yV:i={zeY tznUCV}
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(Y, <, X) Hilbert frame

UV eUp(X) thenU =oV:i=(1U=tV)NX ={z X tantUCtV}
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(Y, <, X) Hilbert frame — >

A(F) = (Up(X),U.N, =0, 0, X) € DLHil

U=oVi=1U=tV)NX={zeX FantUtV}
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(Y, <, X) Hilbert frame <« | A(F)=(Up(X),U.Nn,=0,0, X) € DLHil

U=oVi=1U=tV)NX={zeX FantUtV}

o(la — b) = B(a — b)N Pr(A)
= (B(a) = B(b)) N Pr(A)
=1 ()iTSD())ﬂPT(A)

= w(a) =0 p(b)
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Let A € DLHil. Then,
F(A) = (Ir(A), S, Pr(A4))
is a Hilbert frame, called the canonical frame of A, and the map

0 : (A V,A,—,0,1) = (Up(Pr(A)),U,n,=,0, Pr(A)
a— p(a) ={P €Pr(A):a€c P}
is an injective homomorphism of distributive Hilbert lattices. Thus, every

DLH-algebra is embeddable into the complex algebra A(F(A)) of its
canonical frame F(A).
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Proposition

Let A be a finite distributive Hilbert algebra. Then
(Ir(A), Pr(A)) is an order-differentiated strong Hilbert frame
and the map

v: A— Up(Pr(4))
ar— ¢(a) ={P e€Pr(A):acP}

is a bijective homomorphism of distributive Hilbert algebras.
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Proposition

Let A be a finite distributive Hilbert algebra. Then
(Ir(A), Pr(A)) is an order-differentiated strong Hilbert frame
and the map
¢ : A— Up(Pr(4))
ar— ¢(a) ={P e€Pr(A):acP}

is a bijective homomorphism of distributive Hilbert algebras.

A= Up(Pr(A))
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A Hilbert frame (Y, X) is called an order-differentiated,
DiFrHil, if it satisfies that for each z,y,€ Y, if & £ y, then
there exists U € Up(X) such that z € TU and y ¢ 1U.
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Definition (Hilbert frame order differentiated)

A Hilbert frame (Y, X)) is called an order-differentiated,
DiFrHil, if it satisfies that for each z,y,€ Y, if & £ y, then
there exists U € Up(X) such that z € TU and y ¢ 1U.

Proposition
If A is a DLH-algebra, then

F(A) = (Ir(4), S, Pr(A))

is an order-differentiated Hilbert frame.

.
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frame morphism is a map f : Y} — Y5 such that
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Let (X,Y7) and (X5, Y5) be two Hilbert frames. A Hilbert
frame morphism is a map f : Y} — Y5 such that

1. fis p-morphism
2. fX1] C Xa.
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Conclusion

Let F = (Y, X)) be an order-differentiated Hilbert frame. Then
the map

ey : (Y, X) — (Ir(Up(X)), Pr(Up(X)))
y—ey(y) ={U € Up(X):y et U}

is an injective Hilbert frame morphism. Thus, every
order-differentiated Hilbert frame F is embeddable into the
canonical frame F(A(F)).

Discrete duality for DLH algebras



Prelimi
esentation and Discrete duality for DLH-alg

Conclusion

Discrete duality for DLH algebras



Conclusion

ete duality provides an equivalence

elational and algebraic semantics.

”_DLHiI 0% Iff U((p) = 1, ”_DiFrHiI (0% Iﬂ: ’U((p) = X
v € Hom(F,,, A),A € DLHil v e Hom(F,,,Up(X)), (Y, <, X) € DiFrHil

Th(DLHil) = {a : IFpLwi o} Th(DiFrHil) = {a : IFpiFdi o},

Th(DLHil) = Th(DiFrHil),
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d Future work

1. Topological duality for DLH-algebras
2. Amalgamation properties
3. Axiomatize the logic associated with DLH-algebras
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Conclusion

Thank you.
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