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In Esquisse d’un programme [2], Grothendieck formulated the concept of tame topol-
ogy as a hypothetical notion of topology free from counter-intuitive results. O-minimal
structures have been proposed as an axiomatic framework for this circle of ideas. Im-
portant results in real algebraic geometry have been achieved [5], yet the framework
appears to be less compliant with algebraic topology. As observed by Delfs and Kneb-
usch [1], semialgebraic coverings are necessarily of finite degree so in particular one
does not get universal coverings. In fact, isomorphism classes of semialgebraic cover-
ings of a semialgebraic space M over a real closed field R correspond to subgroups of
finite index of the semialgebraic fundamental group 75°™*&(M, x). It turns out that
there are coverings classified by more general subgroups, yet they live in the category
LocSemialg of locally semialgebraic spaces. The latter are possibly infinite gluings
of semialgebraic patches. Coverings of arbitrary index including universal ones can
be obtained that way. LocSemialg, accomodates a fair amount of algebraic topol-
ogy including various (co)homology theories as well as a homotopy theory. Delfs and
Knebusch worked with the notion of generalised topological spaces, a presentation of
sites of a certain type done in the spirit of point-set topology. Pigkosz showed that
the material carries over to the o-minimal context [4]. Still, the semialgebraic stable
homotopy theory Delfs and Knebusch were looking for appears out of reach given the
deployed techniques and this is the starting point of this work. We reformulate the
notion of generalised topological spaces from first principles. A locally o-minimal space
is then a lattice of unions of open definable sets equipped with a subcanonical coverage
including all finite covers. A formal similarity with the category of schemes becomes
apparent at this point, allowing to channel the quest for a stable o-minimal homotopy
theory along the lines of motivic homotopy theory [6]. We characterise the category of
locally o-minimal spaces as a certain subcategory of Shv (Affgr, 7) , the topos of sheaves
over the site Affg of unions of definable open subsets of a definable open set. Further-
more, we set up an interval-based model structure on Shv (Affg,7) [3] and identify
the salient features of the homotopy theory it produces. This homotopy theory is not
stable, yet we expect that the stable homotopy theory of locally o-minimal spaces lives
in a category of spectra over Shv (Affg, 7) .
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